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Abstract: A pseudo-Euclidean space, or Smarandache space is a pair (R®, wz). In this 
paper, considering the time scale concept on Smarandache space with wls (a) =0 for Vu € E, 
ie., the Euclidean space, we introduce the tangent vector and some properties according to 
directional derivative, the delta differentiable vector fields on regular curve parameterized by 


time scales and the Jacobian matrix of -completely delta differentiable two variables function. 
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§1. Introduction 


A pseudo-Euclidean space, or Smarandache space is a pair (R®, wha), where wla : ae ieee C isa 
continuous function, i.e., a straight line with an orientation O will has an orientation O +w|z (U) 
after it passing through a point U € E. It is obvious that (E,w|G) = E the Euclidean space 
if and only if w|3(@) = 0 for Va € E, on which calculus of time scales was introduced by 
Aulbach and Hilger [1,2]. This theory has proved to be useful in the mathematical modeling of 
several important dynamic processes [3,4,5]. We know that the directional derivative concept 
is based on for some geometric and physical investigations. It is used at the motion according 
to direction of particle at the physics [6]. Then, Bohner and Guseinov has been published 
a paper about the partial differentiation on time scale [7]. Here, authors introduced partial 
delta and nabla derivative and the chain rule for multivariable functions on time scale and 
also the concept of the directional derivative. Then, the directional derivative according to the 
vector field has defined [8]. The general idea in this paper is to investigate some properties of 
directional derivative. Then, using the directional derivative, we define tangent vector space 
and delta derivative on vector fields. Finally, we write Jacobian matrix and the -derivative 
mapping of the -completely delta differentiable two variables functions. So our intention is to 
use several new concepts, which are defined in differential geometry [7]. 
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§2. Partial differentiation on time scale 


Let n € N be fixed. Further, for each 7 € {1,2,--- ,n} let T; denote a time scale, that is, T; is 
a nonempty closed subset of the real number R. Let us set 


A” = T,aTox--- aT, = {t = (ti, te,--: stn) for t; € Tj, 1l<i<n} 


We call A” an n-dimensional time scale. The set A” is a complete metric space with the metric 
d defined by 


n 
So |ti— sil? for t,s€ A”. 
w=1 


Let o; and p; denote , respectively, the forward and backward jump operators in T;. Re- 
member that for u € T; the forward jump operator o; : T; — T; is defined by 


oi(u) =inf{v eT, : v > p} 


and the backward jump operator p; : T; — T; by 


pi(u) =inf{y €T;: v < ph. 


In this definition we put o;(maxT;) = maxT; if T; has a finite maximum, and p;(minT;) = minT; 
if T; has a finite minimum. If o;(~) > pu, then we say that p is right-scattered ( in T;), while 
any js with is left-scattered ( in T; ). Also, if u < maxZ; and o;(u) = p, then yp is called 
right-dense ( in T;), and if « > minT; and p;(u) = pw, then p is called left- dense ( in T;). If T; 
has a left-scattered minimum m, then we define T, bs = T; — {m}, otherwise i a = T;. If T; has 
a right-scattered maximum M, then we define (T;), = T; — {M}, otherwise (T;);, = Tj. 

Let f : A” — R be a function. The partial delta derivative of f with respect to t; € T? is 
defined as the limit 


lim f(t, ut ,ti-1, oi (ti), tiga, oe sib) — fh, pith »Ej-1, $3, bis, ne itn) _ Of (t) 
g 5-05 oi (ti) — & Ajt; 


Definition 2.1 We say a function f : A” — R is completely delta differentiable at a point 


t° = (¢9,¢9,--- 9) © ThaTka---2T® if there exist numbers Ai, Ao,---,An independent of 
t = (ti, t2,--- ,tn) € A” (but in general, dependent on t°) such that for all t € Us(t°), 
n n 
F(R, tB,- +> 88) — Ft tay stn) = > Ail) — te) + SS os(@? — &) 
i=1 i=1 


and, for each j € {1,2,---,n} and all t € Us(t°), 
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fine eq OF aay ci =f (hisses ybj—1, tj, tj41,°°° te) 
n n 

= Aj(o;(t9) — tj) + 5) As(t) — te) + Big(os (42) — ty) + 50 But? — ti), (2-1) 
iZj iZj 


where 6 is a sufficiently small positive number, Us(t°) is the 6-neighborhood of t° in A", a; = 
a;(t°,t) and B;; = B;;(t°,t) are defined on Us(t°) such that they are equal to zero at t = t° and 
such that 


lim, a;(t°, t) = 0 and lim, Big (t°,t) =0 for all i,j € {1,2,--- ,n}. 
tot tt 


Definition 2.2 We say that a function f : TjaT — R is o1-completely delta differentiable 
at a point (t°,s°) € T,aT if it is completely delta differentiable at that point in the sense of 
conditions (2.5)-(2.7) (see in [7]) and moreover, along with the numbers A, and Ag presented in 
(2.5)-(2.7) (see in [7]) there exists also a number B independent of (t,s) € TxT (but, generally 
dependent on (t°, s°)) such that 


f(or(t*), o2(s°)) — f(t, 8) 
= Ai(oi(t?) — t) + B(o2(s°) — 8) + (ort?) — t) + 72(a2(s°) — 8) (2-2) 


for all (t,s) € V7(t°, s°), a neighborhood of the point (t°, s°) containing the point (o1(t°), s°), 
and the functions 7, = y1(t°, 8°, t, 8) and y2 = y2(t°, 8°, t, 8) are equal to zero for (t, s) = (t®°, s°) 


and 


uae v1 = 71(t°, 8°, t, s) and Jim, y2(t°, s°, s) = 0. (2 — 3) 


Note that in (2— 1) the function yz depends only on the variable s. Setting s = o1(s°) in 


(2 — 2) yields 


af (or(t®), 8°) 


B — 
Aos 


Furthermore, let two functions 


y:T—-R and y:T-R 


be given and let us set 


y(T)=T, and y(T)=Tp. 


We will assume that T, and T> are time scales. Denote by 01, A; and 02, Ag the forward 
jump operators and delta operators for T; and T>, respectively. Take a point €° € T* and put 


t° = y(€°) and s° = ¥(°). 
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We will also assume that 
y(a(€°)) = o1(y(€")) and w(a(€°)) = o2((€°)). 
Under the above assumptions let a function f : TjaT2 — R be given. 


Theorem 2.1 Let the function f be o1-completely delta differentiable at the point (t°,s°). If 


the functions ~ and w have delta derivative at the point £°, then the composite function 


F(f) = f(e(E), v(€)) for € eT 


has a delta derivative at that point which is expressed by the formula 


4 De) a 605, 


Proof The proof can be seen in the reference [7]. 


Theorem 2.2 Let the function f be o1-completely delta differentiable at the point (t°,s°). If 
the functions ~ and y have first order partial delta derivative at the point (€°,n°), then the 


composite function 


rate n) = f(v(E, 7), v(&, n)) for (GS n) € Ty tT (2) 


has the first order partial delta derivatives at (€°,°) which are expressed by the formulas 


OF (E°, n°) _ AF (tH, 8°) Op(E°, n°) S Af (or(t?), 8°) OV(E?, n°) 
Aayé Ait Aaé Ags Awé 


and 


OF(E*,a°) _ OF 9, 8°) Op(E Nn’), OF (ai t?),8°) OWE.) 
Sa ee + — 


Ayé Ait Ayn Aos Aca 


Proof The proof can be also seen in the reference [7]. 


§3. The directional derivative 


Let T be a time scale with the forward jump operator o and the delta operator A. We will 
assume that 0 € T. Further, let w = (wi, w2) € R? be a unit vector and let (¢°, s°) be a fixed 


point in R?. Let us set 


T, ={t=t9+éu,: €€T} and T={s=s°4+ fun: €€T}. 


Then J, and T> are time scales and t? € T,, 8° € Ty. Denote the forward jump operators of T; 
and the delta operators by Aj. 
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Definition 3.1 Let a function f : TizT2 — R be given. The directional delta derivative of 
the function f at the point (t°,s°) in the direction of the vector w (along w) is defined as the 


number 


Of (t®, s°) = 
hy 


provided it exists, where 
F(€) = f(t? +€un, 8° + Ewe) for €eT. 


Theorem 3.1 Suppose that the function f is o1-completely delta differentiable at the point 
(t°,s°). Then the directional delta derivative of f at (t°,s°) in the direction of the w exists and 


is expressed by the formula 


OFE, 3) = af(t, 8°) 4 Of (or(t®), s°) 


Aw Ne Keer oe 


Proof The proof can be found in the reference [7]. 


§4. The tangent vector in A” and some properties 


Let us consider the Cartesian product 


A” = TiaTox--- aT, = {P = (41, 02,°-++ , tn) for x; € T;} 


where T; are defined time scale for alll <i<n, n€ N. We call A” an n-dimensional Euclidean 
space on time scale. 

Let x; : A" — T; be Euclidean coordinate functions on time scale for alll <i<n, nEN, 
denoted by the set {21,2%2,--+,@n}. Let f : A” — A™ be a function described by f(P) = 
(fi(P), fo(P),-+:,fm(P)) at a point P € A”. The function f is called o,-completely delta 
differentiable function at the point P provided that, all f;, 7 = 1,2,--- ,m functions are o1- 
completely delta differentiable at the point P. All this kind of functions set will denoted by 
C4. 

Let P € A” and {(P,v) = vp, P € A”} be the set of tangent vectors at the point P 
denoted by Vp(A”). Now, we find following properties on this set. 

Theorem 4.1 Leta,b€R, f,g € C4 andup, wp, zp € Vp(A?). Then, the following properties 


O1 


are proven on the directional derivative. 


Of (t®, s°) _ OF, 8°) 4 poses?) 


( ) A(avup + bwp) ~ Avp Awp ° 


Olaf + bg) (t°,s°) _ AF.) | ,2a(t®,°) 


(@) Avp a Avp Avp : 
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6) 0-30 
Gt) ALD = afoul?) 
ra) 0 .0 0 0 0 


af(t?, s°) 
Avp 


a [i2(s°) 


+ Flou(t?), 02s") =? 


dg(t?, 8°) Of (a1 (t°), 8°) 
Ait Aos ns 


Proof Considering Definition 3.1 and Theorem 3.1, we get easily (i) and (ii). Then by 
Theorem 3.1, we have 


O(fg)(#, 8°) A fg), 8°) , A fg)(or(#?), 8°) 


we SY eee ere ees 
(E20, 39) + Foul), 8) AOD) 
+ (oon (i), s°) + flou(t?),o0(s0)) PED) 0, 
= PEED 90, ou + AED oo (0), Pos 
— PEE #D o(o(t?),9%)0n + AES) (0, (2°), ou 
+F(or(t?) 0) AO, + florl), 0218) MO, 
—Florlt?),02(3°)) MD, + Flor (0), 02(6) PD, 
= -g(ai(t?), 8°) (oe, + “He )) 
+ PAE # Do (a(t, 8°) — glorlt?), 5) 
+f(o1(t°), 72(s°)) (Sn + we) | 
— 2H os y(or(t?),02(8°)) — floult), 8°) 
= g(orti?).s?) (AAP) + siostt?), oats) (2A) 


(40) DFC, 8°) Bales 8°) go alts?) AF lou(t?), 8°) 
Ait Ait ss ne Ait Ags cs 


§5. The parameter mapping and delta derivative of vector field 


along a regular curve 


Definition 5.1 A A-regular curve (or an arc of a A-regular curve) f is defined as a mapping 


m= fi(t), v2 = Jae tn = frit), te [a,b] 
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of the segment [a,b] C T,a < b, to the space R”, where fi, fo,--- fn are real-valued functions 


defined on [a,b] that are A-differentiable on [a,b|* with rd-continuous A-derivatives and 
POP +E OP +> +1 fe OP #0, te [a,o]*. 


Definition 5.2 Let f :T— A” be a A-differentiable regular curve on [a,b]*. Let T and T be 
a time scales. A parameter mapping h: T — T of the curve f is defined as t = h(s) when h 
and h~! are A-differentiable functions. 


Thus, according to this new parameter, f can be written as follows: 
g: TA", g(s) = f(h(s)). 


Theorem 5.1 Let f:T— A” be a A-differentiable regular curve. Let the function h:T > T 
be parameter map of f and be g = foh. The A-derivative of g is expressed by the formula 


df(h(s)) 
At 

Proof Let f(t) = (fi(t), fo(t),--- , fr(t)) be a regular curve given by the vectorial form in 

Euclidean space A”. Let h be a parameter mapping of f. Considering chain rule for all f;, we 


g°(s) = (s). 


get 


gX(s) = iioh) dliveh) feeh)) 


A(s) A(s) A(s) 
= ca hA(s), -—— hA(s), ve BOO 195) 
_ Altay) alts) dalbls)) pay 
EO ABS SS Re 
df (h(s)) h(s) 
At , 


Definition 5.3 A vector field Z is a function which is associated a tangent vector to each point 
of A” and so Z(P) belongs to the set of tangent vector space Vp(A”) at the point P. Generally, 
a vector field is denoted by 


” 0 
Z(P) =) gi(t)— 
(P)= Lagrle 
where gi(t) are real valued functions defined on T = [a,b], that are A-differentiable on [a, b|* 


with rd-continuous A-derivative. 


Let a function f :T — A”, f(t) = (fi (8), fo(t),--- , fn(t)) be a A-differentiable curve and 
Z(P) be a vector field along it. Thus, we define A-derivative of vector fields as follows: 
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Definition 5.4 Let Z(P) = s gilt) ae 3 -|p be a vector field given along the curve f. The 
A-derivative of the function with wane to the parameter is defined as 


n 


ee COT Oe ee re 
Pan agi? 7 ae a(t) —s aan” = Ds Bn 


Theorem 5.2 Let J be a curve given by f :T > A” andh: T > T be a parameter mapping 
of f. Let Z(P) = = g(t) a 


of the function Z(P) according to the new parameter s can be written as: 


Cigceles) 


Proof When we consider the chain rule on the real valued function for all the A-differentiable 


Pest) be a vector field given along the curve f. The A-derivative 


functions g;(t), we prove Theorem 5.2. 


Definition 5.5 Let a vector field Z(P) = >> g(t) se |Pe fie) be given along a curve f. If 
i=1 ‘ 


42 = 0, Z(P) is called constant vector field along the curve f. 


Theorem 5.3 Let Y and Z be two vector fields along the curve f(t) andh: T > R be a 
A-differentiable function. Then, 


Gi) Y+Z)°O=%Y)@ + (ZO; 

(ii) (AZ)A(t) = (A(a(t)) )(Z)A() + PAW) Z(L); 

(iti) (Y,Z)° (t) = (YAO), Zo) + YO, Z4(0)- 
) 


where ( , ) is the inner product between the vector fields Y and Z. 


Proof The (i) is obvious. Let Y(t) = > kii(t) 52 | py and Z(t) = 5 g(t) s+ pr) be two 
p = i 
vector fields. Then 


Zz)" = Y ae we 
= ; lim Mea) — h(s)gi(s) os i 
2 Sy Moet) — Hot) + etal) Neat 2 a 
= : lim ( AEE EL + In(o(@)) — hs) oe: be 
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That is the formula (27). For (iti), we have 


_ y am MEL) ) 9: (a(t) — ils) ge(o(t)) + hi(s)9i(o(t)) — ki(s)9i(s) 


| 
s—t o(t)—s Ox; f(t) 


4=1. Pon o( ) Be, H0 
A ki(o(t)) — kils) = gila(t)) — gi(s) 
= aan ee aes 


= (Y(t), Z(o(t))) + (YO), Z4(0). 


This completes the proof. 


Definition 5.6 Let f : A? = A™, f(a1,72) = (filai, 22), fo(v1,%2),--* , fn(w1,@2)) be a 
o1-completely delta differentiable function at the point P(t®,s°) € A?. For any tangent vector 
Up € Vp(A?), the A-derivative mapping at the point P(t°, s°) of f is defined by 


Ofi (#1, £2) O f2(#1, £2) oA Ofm (#1, £2) 


i (up) = ( b b) ? ) ®1,%2)° 
- Avp Avy Avy F(w1,02) 


fA.(vp) is a function from the tangent vector space Vp(A?) to tangent vector space Vp(A™). 
Theorem 5.4 The function fxp is linear mapping. 


Proof Let us prove the linearity for any a € R and for any two tangent vectors vp, wp € 
Vp(A?). In fact, 


a ee ee ( Ofi(@1,%2) —_ Ofe(t1,%2) Of (1, £2) ) 
aa A(avp + bwp)’ A(avp + bwp)’ —* A(avp + bwP) ) p49) 
= os ier 22) 4 pofiler, 22) ie ode, £2) 4 pofm(e1, £2) 
Avp Awp ’ Avy Awp f(x1,22) 
_ « (AE) a Aa 
Rus , ; Avy fee) 
(rae SS ae 
+b  —?/ 
Awp Awp f(x1,22) 


affp(up) + bfop(wp). 


I 


Thus the proof is completed. 
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Definition 5.7 Let f(a1, 22) = (fi(a1, £2), fo(ai, @2),°++ , fn(@1, ¥2)) be a o1-completely delta 
differentiable function at the point P(a1,x2) € A?. The Jacobian matrix of f is defined by 


Ofi(vi,t2) Afi (o1(x1),22) 


OA 41 OA 21 
Ofe(x1,t2) A f2(o1(x1),22) 
J(f,P)= | om ve 


Ofm (1,22) — Ofm(or(#1),#2) 
OAi21 OAi21 mx2 


Theorem 5.5 Let f : A? — A” be a o1-completely delta differentiable function. The A- 


WI 


derivative mapping for any P € A? and wp = € Vp(A?) is expressed by the formula 


Ww2 


fip(wp) = (J(f,P), we)”. 


Proof Theorem 5.5 is proven considering Definitions 5.6, 5.7 and Theorem 3.1. 
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